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INTRODUCTION 

The concentration of stresses in concrete, according 
to the studies of Bažant and other researchers ac-
cording to the basics of fracture mechanics, occurs in 
places where there are pores, cavities, and areas with 
increased or decreased strength. In the works of Bres-
san, Effting and Tramontin (1991) and the work of 
Golewski and Sadowski (2007, 2010), it is indicated 
that in a reinforced concrete element, micro-cracks 
appear at the contact edge of the aggregate and the 
concrete mass during stretching (Fig. 1). However, the 
aggregate is chaotic in the concrete and therefore, at 
certain stages of loading, micro-cracks do not develop 
into main cracks, because the mass of concrete  prevents 
the development of these micro-cracks, as stated in the 
papers by Hillerborg, Modéer and Petersson (1976), 

the American Concrete Institute (ACI Committee 446, 
1992; ACI Committee 224, 1997; Committee 224, 
2001), Bažant (1992), Prokopski (2009), and Bažant 
and Cedolin (2010).

As confirmed by the research conducted earlier by 
Salauyou (2009), Knyziak and Salauyou (2010), Sa-
lauyou and Knyziak (2010a, 2010b), the spacing of 
cross-section bars of horizontal meshes and skeletons 
affects the spacing of cracks in reinforced concrete 
elements in tension and bending. This phenomenon 
has also been described in studies by Lee, Mansur, 
Tan and Kasiraju (1964, 1987), and Nawy (1964). The 
mechanism of crack formation at the location of the 
cross-section bars can be described by means of frac-
ture mechanics. 

The cross-section bar placed in the concrete dif-
fers from the aggregate in that it occupies a specific, 
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ABSTRACT

The article is devoted to the study of linear stress concentrators in reinforced concrete, which, unlike random-
ly located stress concentrators from a large and medium-sized concrete aggregate (granite or gravel crushed 
stone), can have a strategic impact on the formation of cracks in a reinforced concrete element in the presence 
of a sufficient level of tensile stresses. The study is one of the theoretical parts of a significant research pro-
gram on the cracking of reinforced concrete elements in tension and bending. The description of the process 
of cracking with the help of fracture mechanics allows us to try to formulate a mathematical apparatus for tak-
ing into account stress concentrators linearly located in reinforced concrete elements and their influence on 
the formation of cracks, in particular, at the moment of cracking in bending elements. Field tests of specimens 
with artificially created stress concentrators were carried out, including the RILEM method, on the basis of 
which trial calculations of the cracking moment were carried out using the stress intensity factor.
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                                                                           a                                                                                                     b

Fig. 1.  Micro-cracks appear at the contact edge of the aggregate and the concrete mass: 1 – aggregate grains, 2 – micro- 
-cracks in contact layers

Source: aGolewski and Sadowski (2007); bBressan, Effting and Tramontin (1991).

linearly oriented position in the concrete (a position 
perpendicular to the bending moment while bending 
elements). When tensile stress appears and increases 
in concrete, micro-cracks appear on the edge of the 
cross-section bar and concrete mass, as well as on the 
edge of aggregate and concrete mass. With a further in-
crease in tensile stresses in the concrete, micro-cracks 
develop along the entire boundary of the bar with the 
concrete, and the cross-section bar loses its cohesion 

with the concrete. This means that in the concrete at 
the location of the cross-section bar, there is a weaken-
ing equal to its diameter (Fig. 2).

If the cross-section is weakened with a circular or 
elliptical hole, then, according to the Inglis equation 
(1913), the stress concentration factor K = 1 + 2a / b 
(a and b are radii of the horizontal and vertical axes, 
respectively) is applied to the elliptical cross-section 
in tension. Accordingly, for a circle, the K = 3. In fur-

                                                                a                                                                                                                          b

Fig. 2.  Tensile stresses in concrete. The appearance of the initial crack in the fracture process zone near the linear stress 
concentrator   transverse reinforcing bar

Source: aSalauyou (2009); bSalauyou and Knyziak (2010).
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ther research, the researchers found that a K = 3 is cor-
rect for a very wide plane and that stress concentration 
factors are determined by empirical testing for narrow 
planes. Table 1 presents the values of the stress con-
centration factor depending on the ratio of the opening 
width to the width of the plane.

Table 1. The value of the stress concentration factor (K)  
depending on the scale of the hole to the width 
of the plane

The size of the scale  
of the hole to the 
width of plane 

0 0.1 0.2 0.3 0.4 0.5

The magnitude  
of the stress 
 concentration factor

3.00 3.03 3.14 3.36 3.74 4.32

Source: calculated with using Kirsch equations.

This means that the stress concentration in the con-
crete next to the cross-section bar is more than three 
times that of the stress in the cross-section of the con-
crete without weakening and that an initial crack will 
necessarily be formed at the location of the cross-sec-
tion bar (Fig. 2).

For concrete, as for a non-homogeneous mate-
rial, special coefficients can be applied that describe 
the stress concentration at the crack tip. For a crack 
of normal separation, which are cracks normal to the 
longitudinal axis of the element from the action of 
a bending moment, such a coefficient is Ks

Ic, deter-
mined empirically by testing samples, according to the 
RILEM methodology.

The equation is used for the determination of Ks
Ic 

in the work of Karihaloo (1995):

Ks
Ic = 6Y(α) Mcr a0.5 / b d2,

Mcr = Ks
Ic b d2 / 6Y(α) a0.5,

where:
Y(α) – geometric function.

For a beam or slab freely supported with one load 
point: 

Y(α) = [1.99 – α(1 – α) (2.15 – 3.93α + 2.7α2] /  
/ [(1 + 2α) (1 – α)3/2].

For a beam or slab freely supported with two load 
points:

Y(α) = 1.99 – 2.47α + 12.97α2 – 23.17α3 + 24.8α4 +  
+ 60.5α16,

α = a / d,

M = M1 + M2,

where:
M1  – bending moment from the applied load,
M2  – bending moment of self-weight action,
a  –  initial notch (in the RILEM method), equal to the 

length of the initial crack.

In this way, knowing Ks
Ic (if there is a possibility 

to determine it through material tests for a given con-
crete), we can approximately calculate Mcr. 

EXPERIMENTAL ELEMENTS AND TESTING 
PROCEDURE

Nine reinforced concrete beams with dimensions of 
1,200 × 250 × 150 mm were used with the reinforce-
ment of 12 mm diameter S500 bars. All of them are 
from concrete classes 25/30. A description of experi-
mental elements (experimental beams), with dimen-
sions of 1,200 mm long, 250 mm thick and 150 mm 
wide, is presented in Table 2. The design of the beams 
differed: three elements with a cross-section bar, and 
three elements with a through hole instead of a cross- 
-section bar, and three control elements (without any 
cross-sectional weakness). The central zone of the 
beams is shown in Figure 3.

Table 2. Experimental elements/beams

No Pattern 
code Peculiarities of the pattern

1 B 1-1 with a cross-section bar
2 B 1-2 with a cross-section bar
3 B 1-3 with a cross-section bar
4 B 2-1 with a hole instead of a cross-section bar
5 B 2-2 with a hole instead of a cross-section bar
6 B 2-3 with a hole instead of a cross-section bar
7 B 3-1 without any cross-sectional weakness
8 B 3-2 without any cross-sectional weakness
9 B 3-3 without any cross-sectional weakness

Source: own work.
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All the experimental elements/beams were tested 
in the same way for bending on a special test stand 
with the help of a hydraulic cylinder. Figure 4 shows 
the research scheme and the view of the test stand. 
During the experiment, the deflection of the beams 
and the width of the cracks were measured. The width 
of the cracks was determined using a clock-type in-
dicator (with a measuring accuracy of 0.001 mm) set 
on special holders and an optical microscope. The 
deflection of the beams was measured using a clock- 
-type indicator with an accuracy of 0.01 mm, set on 
a special frame.

Also, four concrete beams (concrete classes 25/30) 
with dimensions of 1200 × 250 × 150 mm with a special 
notch were made and tested according to the RILEM 
method in order to determine the coefficient KIc that 
characterises the normal detachment crack according 
to the fracture mechanics approach. Figure 5 shows 
the beams for testing according to the RILEM method, 
during and after testing.

The beams were tested in the same way for bend-
ing on a special test bench using hydraulic cylinders 
according to the RILEM method (three load – unload 
cycles). Figure 6 shows the research scheme and the 

                                                                                             a                                                                      b

Fig. 3.  Beams with a hole instead of a cross-section bar (a) and beams with a cross-section bar (b)

Source: own work.

                                                                  a                                                                                                                              b

Fig. 4.  Scheme of conducting tests, including for determining the coefficient KIc, according to the RILEM method (a); 
view of the test stand (b)

Source: own work.
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view of the test stand. During the experiment, the 
width of the cracks was determined using a clock-type 
indicator (with a measuring accuracy of 0.001 mm) set 
on special holders.

RESULTS AND DISCUSSION

As a result of testing beam samples according to the 
RILEM method, it was possible to obtain the relevant 
data necessary to determine the stress intensity factor 
(KIc). A characteristic diagram of the dependence of 
deformations from the load measured in the centre of 

the beam directly in the zone of artificial damage to 
the section using a dial indicator with a division value 
of 0.001 mm is shown in Figure 7.

Young’s modulus (E) is calculated from the equa-
tion (Shah & Carpinteri, 1991):

E = 6S a0 V1(α) / (Ci d2 b); α = a0 / d = 1/3;  
Ci = 2.8 10–9 m·N–1; d = 0.25 m; b = 0.15 m,

V1(α) = 0.76 – 2.28α + 3.87α2 – 2.04α3 + 0.66 / (1 – α)2 =  
= 1.83944; E = 34.896.8 mPa.

                                                                                            a                                                       b

Fig. 5.  Beams for testing, according to the RILEM method, the during the test (a) and after testing (b)

Source: own work.

                                                                  a                                                                                                                              b

Fig. 6.  Scheme of testing of four experimental elements/beams, according to the RILEM method (a); view of the test 
stand (b)

Source: own work.
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The critical effective crack length ac = a0 + stable 
crack growth at peak load:

ac = E Cu d2 b / [6S V1(α)]; Cu = 3.38461·10–9 m·N–1; 
ac = 0.100329 m.

The critical stress intensity factor Ks
Ic = 3(Pmax +  

+ 0.5W) S(π ac)0.5 F(α1) / (2 d2 b):

Pmax = 13,000 N, W = W0S / L, W0 – self-weight of the 
beam = 1,102.5 N, α1 = ac / d = 0.401316, 

F(α1) = 1.99 – α1(1 – α1) (2.15 – 3.93α1 + 2.7α1) /  
/ [π0.5(1 + 2α1) (1 – α1)]1.5 = 1.43673,

Ks
Ic = 1.735159 mPa·m0.5.

The analysis of the test results of 9 experimental 
element/beams showed that the failure of all  elements 
occurred at the same value of the bending moment 
(13 kNm). The magnitude of the cracking moment 
for all three elements with a cross-section bar was 
three elements with through hole 7 kNm. The value 
of the cracking moment for all s was also 7 kNm. The 
value of the cracking moment for all three control 
elements (without a cross-section bar and without 
a hole) was 10 kNm. Figure 8 shows the elements 
during the tests, after cracking.

Fig. 7. Dependence of deformations from the load according to the RILEM method

Source: own work.

                                                            a                                                          b                                                          c

Fig. 8.  Cracking of beams – with a cross-section bar (a), with a through hole instead of a cross-section bar (b), without  
a cross-section bar and without a hole (c)

Source: own work.
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We determine the moment of cracking for beams 
with a transverse rod and beams with a through hole 
analytically according to the formulas indicated in 
the Karihaloo (1995) for a notched beam with free 
 support. For the height of the notch, we take the  upper 
point of the transverse rod or the upper point of the 
through hole (we accept this assumption, taking into 
account the fact that the thickness of the concrete 
 cover  between a through hole or rebar and the surface 
of a reinforced concrete element is 15 mm, which is 
less than the maximum size of large concrete  aggregate 
and less than stable crack growth at peak load):

a = 27 mm, α = a / d = 27 mm / 250 mm = 0.108,

Y(α) = [1.99 – α(1 – α) (2.15 – 3.93α + 2.7α2)] /  
/ [(1 + 2α) (1 – α)3/2],

Y(α) = [1.99 – 0.108(1 – 0.108) (2.15 – 3.93 · 0.108 + 
+ 2.7 × 0.1082)] / [(1 – 2 · 0.108) (1 – 0.108)3/2] = 
= 1.7773186,

Mcr = (Ks
Ic b d2) / (6Y(α) a0.5) = (1.735159 mPa·m0.5 ×  

× 0.15 · 0.252) / (6 · 1.7773186 · 0.0270.5),

Mcr = 9,283.5 kNm; Mcr = (M1 + M2),

M1 = Mc – M2; M2 = (W / 2) (S / 2); W = W0S / L,
where:
M  – bending moment of external load,
M1  –  bending moment from applied load, M1 =  

= 9,283.5 kNm – (1,102.5 · 1/2 1.2) (1/2) =  
= 9,053.8 kNm,

W0  – self-weight of the beam, W0 = 1,102.5 N.

The analytically calculated moment of cracking 
is somewhat different from the actual value of the 
moment from the applied load at which a crack was 
formed in samples with a transverse reinforcing bar 
and in samples with a through hole (7 kNm); there-
fore, the mathematical apparatus needs to be improved 
and refined. But in view of the fact that the calculated 
moment we received is less than the moment of crack-
ing of control samples (without damage to the section) 
– 10 kNm, this confirms the correctness of the general 
direction of theoretical research to determine the mo-
ment of cracking of the section of a reinforced con-
crete element with transverse reinforcing bars with the 
help of fracture mechanics postulates.

CONCLUSIONS

As a result of the studies carried out, it was possible 
to obtain the relevant values of the stress intensity fac-
tor (KIc) according to the RILEM methodology. These 
data will be used in the future to develop and test 
a mathematical apparatus for the analytical calcula-
tion of the bending moment of cracking for reinforced 
concrete elements with linear section damage located 
perpendicular to the longitudinal axis, including at the 
location of transverse reinforcement bars.

Experimental studies confirmed the theories about 
the inevitability of cracks at the location of the cross- 
-section bars and about the impact of the presence of 
the cross-section bars on the magnitude of the crack-
ing moment. 

As a result of bending tests of nine reinforced 
concrete beams, it was confirmed that cracks always 
 appeared in the place of placing the cross-section bars 
or in the place of placing the through hole, and with the 
same value of the cracking moment (30% lower than 
in the control elements), which confirms the theories 
that the presence of a cross-section bar causes stress 
concentrations in the concrete, as well as the presence 
of a through hole of the same diameter. 
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OCENA WPŁYWU LINIOWYCH KONCENTRATORÓW NAPRĘŻEŃ W ELEMENTACH 
ŻELBETOWYCH Z WYKORZYSTANIEM POSTULATÓW MECHANIKI PĘKANIA

STRESZCZENIE

Artykuł poświęcono badaniu liniowych koncentratorów naprężeń w żelbecie, które w przeciwieństwie do 
losowo rozmieszczonych koncentratorów naprężeń z dużego i średniego kruszywa betonowego (tłuczeń gra-
nitowy lub żwirowy) mogą mieć istotny wpływ na powstawanie spękań w elemencie żelbetowym w przy-
padku wystarczającego poziomu naprężeń rozciągających. Praca jest jedną z teoretycznych części znaczą-
cego programu badawczego dotyczącego pękania przy rozciąganiu i zginaniu elementów żelbetowych. Opis 
procesu pękania za pomocą mechaniki pękania pozwala na próbę sformułowania aparatu matematycznego 
uwzględniającego koncentratory naprężeń liniowo rozmieszczone w elementach żelbetowych i ich wpływ 
na powstawanie rys, w szczególności w momencie pękania elementów zginanych. Przeprowadzono badania 
terenowe próbek ze sztucznie wytworzonymi koncentratorami naprężeń, w tym metodą RILEM, na pod-
stawie których przeprowadzono próbne obliczenia momentu pękającego z wykorzystaniem współczynnika 
intensywności naprężeń.

Słowa kluczowe: mechanika pękania, współczynnik intensywności naprężeń, moment rysujący


