M P
SV PO,

N (o)
£ L) 75 Acta Sci. Pol.
SACTAZ Architectura 23 (2024), 1-11

aspa.sggw.edu.pl ISSN 1644-0633 (suspended) eISSN 2544-1760 DOI: 10.22630/ASPA.2024.23.1

ORIGINAL PAPER Received: 28.12.2023
Accepted: 18.01.2024

HYDRAULIC CONDUCTIVITY TENSOR OF ANISOTROPIC SOILS:
THE IMPACT ON SEEPAGE FLOW

Md Khorshed Alam', Arvin Farid?

'Computing Ph.D. Program, Boise State University, Boise, ID, USA
2Department of Civil Engineering, Boise State University, Boise, ID, USA

ABSTRACT

Natural or artificial changes in soil stratigraphic-plane (i.e., the deposition of soil and sediments into
distinct layers) orientation can cause variations in hydraulic conductivity in different directions. Hydraulic
conductivity must, therefore, be considered — in this case — as a nondiagonal, full tensor to appropriately
represent the effect of the orientation of soil stratigraphic planes on the seepage flow pattern. This paper
introduces the derivation of the formula for the three-dimensional nondiagonal hydraulic conductivity
full tensor calculation in terms of azimuth and vertical angles. Furthermore, two-dimensional numerical
simulations of the seepage flow beneath a concrete dam are presented to demonstrate the need to account
for the nondiagonal elements of the hydraulic conductivity tensor in anisotropic soils of varying degrees of
stratigraphic tilt with respect to the coordinate system.
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INTRODUCTION

Particle orientation, compaction, illuviation and sedimentation are some soil-forming processes that can cause
anisotropy in any soil (Assouline & Or, 2006; Peng, 2011). Certain natural soils possess substantial anisotropy,
resulting in significant variations in their mechanical or physical characteristics in various directions. This
tendency is especially noticeable in clayey soils compared to other soil types (Nguyen, Rahman & Karim,
2023). Anisotropic soils may exhibit varying transport characteristics depending on the direction of principal
flow and directional hydraulic conductivity. Therefore, analysis of seepage flow through anisotropic soils
might necessitate tensorial representation instead of the scalar values of hydraulic conductivity observed in
isotropic soils (Assouline & Or, 2006). In anisotropic soils, the permeability of the porous medium in various
directions is described by the hydraulic conductivity tensor, a matrix that depends on the flow direction and soil
stratigraphy — the deposition of soil and sediments into distinct layers. The hydraulic conductivity tensor has
conventionally been regarded as diagonal, which signifies that the permeability remains unaffected by the flow
direction. This assumption, nevertheless, might not apply to anisotropic soil — a medium in which permeability
can vary substantially in various directions — where the principal directions of hydraulic conductivity differ
from the system of coordinates used for flow simulation. One instance of this is the fluid-flow equations
utilised to model numerous commercial reservoirs (Ertekin, Abou-Kassem & King, 2001; Fanchi, 2005). These
equations operate under the supposition that nondiagonal elements of the tensor can be disregarded, leading to
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inaccurate flow calculations (Fanchi, 2008). Thus, Fanchi (2008) introduced a formula that enabled the precise
computation of a two-dimensional full-hydraulic conductivity tensor, including nondiagonal components, at
any rotation angle in a plane. In a subsequent study, Alam and Farid (2023) derived and utilised a similar
formula to conduct numerical simulations of seepage in unsaturated soil. They investigated multiple scenarios
using two-dimensional models and demonstrated that neglecting nondiagonal factors leads to erroneous
seepage flows. Nonetheless, a three-dimensional model is needed to simulate more realistic circumstances,
necessitating the development of a formula for the three-dimensional nondiagonal hydraulic conductivity full
tensor, subject to the soil stratigraphic planes’ tilt angle.

This paper presents a novel set of formulas to compute the diagonal and nondiagonal components of
the three-dimensional hydraulic conductivity full tensor. Furthermore, this study employs two-dimensional
numerical simulations to examine the necessity of incorporating the full-hydraulic conductivity tensor when
simulating seepage flow beneath a concrete dam, considering the varying degrees of stratigraphic inclination.

BACKGROUND

Darcy’s law

If vy, v, and v, are the components of Darcy’s velocity () — which represents the discharge velocity of
groundwater flow in X, Y and Z directions, respectively — Darcy’s law in the case of anisotropic soil takes the
following form:

% = — kVh, (1)

which can be rewritten in the matrix form as follows:

—
h

Uy kxx
[vy] =—|kyx kyy ky, o | ()
Vz kzx kzy kzz K2
0z
where:
h — total (hydraulic) head,
kyx, kyy, k;, — diagonal elements,
kxy, Kxz» Kyx> Kyz, Kzx, k7, — nondiagonal elements of hydraulic conductivity tensor k; the nondiagonal

elements of k are symmetrical.

Seepage
In terms of the specific/elastic capacity (i.e., retention) of water (m,,) and temporal variations of the hydraulic
head (h) for transient seepage equation (Fredlund & Rahardjo, 1993; Genetti Jr, 1999) can be written as

follows:

= _ _a_g

¥ = -2, 3)
where:

0 — volumetric water content.
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o . _ a0 . oh
For unsaturated soils with constant porosity temporal, the variations of 8, (E) can be written as m,, e where

m,, is the slope of the soil water-retention characteristics curve (SWRC). For the purpose of this paper,
the SWRC is approximated to a two-segment polynomial with the two values for its slope, m,, # 0.001 m™!
for unsaturated soils and m,, = 0.00001 m™! for saturated soils.

DERIVATION OF HYDRAULIC CONDUCTIVITY TENSOR

In general, the tensor k has three categories of major (k,), intermediate (k,) and minor (k3) principal

hydraulic conductivity scalar values, where k3 is normal and k; and k, are aligned within the soil
stratigraphic plane. However, if there is a tilt in the stratigraphic planes due to natural deposition (e.g., tectonic
plate movements) or human activity (e.g., tillage and field traffic), (Pulido-Moncada et al., 2021), the
elements of k that are not on the diagonal need to be taken into account (i.e., will be non-zero). Nevertheless,

due to the mesoscale axisymmetry of the soil, typically, the equality of k; and k, exists within the
stratigraphic planes. When analysing seepage in an orthogonal coordinate system aligned with the three
principal orientations of the tensor (such as horizontal stratigraphic and XY planes), the tensor is diagonal;
otherwise, the hydraulic conductivity tensor k will be nondiagonal.

Two-dimensional hydraulic conductivity tensor
In a two-dimensional system of coordinates XZ and the stratigraphic plane with a positive slope « (i.e., the
tilt angle is above X axis), the components of the hydraulic conductivity tensor k (kyy, Kz, Kxz , kzx) are

computed in terms of k; and k5 as follows:

ky, = (%) + (%) cos2a, (4a)
Kyyz = kg = (%) sin 2a, (4b)
k,, = (kl;rk3) - (%) cos 2a. (4¢)

Derivation of three-dimensional hydraulic conductivity tensor
In the case of the three-dimensional system of coordinates XYZ, Darcy’s velocity equation represented by
Eq. (2) can be rewritten as follows:

Vy = Kyx 9x + kxy gy + ky; 9z (5a)
vy, = kyx gx T kyy 9y + kyz 9z, (5b)
Uy = Kpx gx + kzy gy + k.z g2, (5¢)
where:

oh oh oh
Ix = v 9y = _aandgz = ~ oz
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Suppose orthogonal unit vectors a;, a, and a; and velocity vectors vy, U, and V5 are in the orientation of k;,
k, and k5, Darcy’s velocity ¥ can then also take the following form:

U =v,a; + 1,0, + v30a3, (6)

where:
@y = agd + ayyf + ag.k, @y = agl + ayyf + ay.k and ag = as, i + asyf + as,k,

L], k — unit vectors along the X, Y and Z axes.

If the positive values of g,, g, and g, are projected on the k;, k, and k3 axes, then the flow velocity vy
along the 1, 2 and 3 directions can be simplified as follows.

v = (1) g, + 1)y, + (1), (7
where:

(1) g, = [(gxD) " @Tky = [(gxD) * (arl + agyf + ayk)|ky = grascky, (8a)
W1)g, = [(9,)) - @lks = [(97) - (aul + asyf + as k)]s = gyany ks, (8b)
W1y, = [(9:k)  @ills = [(9:k) - (aral + aryf + @y k) ]ky = g,a1,k,. (8¢)

Substitution of these values on Eq. (7) reduces to the following form:

U = (gxalx + gyayy + gzalz)kl- )
In a similar manner:

Uy = (gxa2x + gyayy + gzaZZ)kZa (10)

V3 = (gxa3x + gyaszy + gza3z)k3- (11)

Employing Eq. (9) through Eq. (11) on Eq. (6) and rearranging results as follows:

U= [(gxalxz + gyai1x01y + gzalxalz)kl + (gxazx2 + gy oy yy + gzaZvaZ)kZ + (gxa3x2 +

+ gyazxazy + gza3xa3z)k3]i + [(gxalyalx + gya1,° + .gzalyalz)kl + (gxa2ya2x + gy0,,% +

+ gzaZyaZZ)kZ + (.gxa3ya3x + gyazy® + gza3ya3z)k3]f + [(gxalzalx + gya1;a1y + gza1z2)k1 +

+ (gvaZaZx + gyaz,05y + nglzZz)kz + (gxaBZan + gya3,03y + gza3zz)k3]ff- (12)
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Comparing Eq. (12) with ¥ = v, i + v,f + v,k results in:

Uy = (alxzkl + a2x2k2 + a3x2k3)gx + (alxalykl + aZvaykZ + a3xa3yk3)gy + (alxalzkl +

+ ApQy,ky + A3503,k3) g5, (13a)
vy = (a1y @ik + agyaorks + azyasyks) gy + (a1y2ky + azy%ks + asy?ks) gy + (a1ya:,k, +
'y 1yA1xft1 2y Aax 2 3ya3xK3)9x 1y K1 2y K2 3y K3)3y 1yQA1zK1
+ azya;.k; + a3ya32k3)gza (13b)
v, = (a1,a1x5ky + az,02.k; + az,a3,k3) g, + (alzalykl + az,a;,k, + a32a3yk3)gy +
(13c)

+ (a1.2ky + az,%k, + az,’ks) g,

Equating the left-hand sides of Eq. (5) with Eq. (13) provides the diagonal and nondiagonal components of
the hydraulic conductivity tensor k in terms of k, k, and k5 as follows:

Kyx = a1x2k1 + a2x2k2 + a3x2k3 )

kyy = a1y%ky + azy %k, + azy’ks

ky, = a122k1 + a222k2 + a322k3 \ (14)
kxy = kyx = a1xa1yks + azxazyk; + azyazyks
kyz = kzy = alyalzkl + a2ya22k2 + a3ya3zk3
kzx = Kxz = Q17010ky + az,050k; + az,a3,k3

The unit vectors a;, a, and a3 are orthogonal to each other and @3 is normal to the soil stratigraphic plane
(Fig. 1). The figure shows the projection of a; and a; on the X, Y and Z axes, respectively — from which the
unit vectors a;, a, and a; can be expressed in terms of the vertical angle and azimuth.

z
a N b z
h
Sin
e
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/ -
4 i A
g I s
2 P
8 Sy
— : _, ) /
ks & ky a
cos 0 cos( @, — 61) N
A »Y NATA »¥
Ry 8.
7 O ol
» @
bﬁS\'
o
3\ B
. . . N
o f
Fig. 1. Projections: a—a; on X, Y and Z axes; b—a; on X, Y and Z axes

Source: authors’ compilation.

aspa.sggw.edu.pl



Alam, M.K., Farid, A.(2024). Hydraulic conductivity tensor of anisotropic soils: the impact on seepage flow. Acta Sci. Pol. Architectura, 23,
1-11, DOI: 10.22630/ASPA.2024.23.1

Assuming unit vectors @, a, and a; can be expressed as follows:

a; = ag,l +ag,f + a,,k = cos 6y, 1+ cos 601y ] + cos b, k, (15a)
Ay = Ayl + ayyf + a,,k = cos 6,, 1 + cos 02y J + cos 6, k, (15b)
@3 = Ayl + azyf + as,k = cos O3, 1 + cos O3, f + cos 05, k. (15¢)

From Figure 1a, it can be concluded that:
@3 = C0S O3, § + COS O3, f + cos 03, k = a3 = sin Os sin 5 § + cos O3 sin @3 j + cos @3 k. (16)

For any given vertical angle (VA), where @5 = (90° — VA); and azimuth A,;, where 8; = A,3, a; can be
found from Eq. (16).

Similarly, from Figure 1b, it can be deduced that:

@; = cos B0y, L+ cos By, j+ cosOy, k = a; =sinb; cos(p; — 0;) 1+

+cos 6, cos(@p, —01) ]+ cos @, k. 17

Since a; and az are orthogonal, their dot product is zero (i.e., a; - az = 0), which is essentially the dot product
of Eq. (16) and (17) results in the following form.

sin 8, cos( ¢, — 6;) sin B3 sin @3 + cos B; cos( @, — 6;) cos B5 sin @3 + cos @4 cos @3 = 0. (18)

For a given azimuth A,,;, where 8; = A,,, the value of ¢,,0 < ¢; < 1 can be found from Eq. (18) to obtain
a, from Eq. (17).

Again, since @, is orthogonal to both a; and aj ; therefore, @, = a; X a3. Thus, the cross-product of Eq. (16)
and Eq. (17) produces @, as follows:

a, = (cos 6, cos( @, — ;) cos @3 — cos @4 €os O5 sin @3)i + (cos ¢4 sin O sin @3 — sin O; cos( @, —
— 6;) cos@s3) ]+ (sin 6, cos( @, — B,) cos B5 sin 3 — cos B, cos( @, — B;) sin O sin @3)k. (19)

Substituting Eqs (16), (17) and (19) into Eq. (14) gives the elements of the full three-dimensional hydraulic
conductivity tensor k as follows:

k., = sin? 0, cos?( @, — 01) ky + (cos 8; cos( @, — ;) cos g5 — cos @, cos 5 sin @3)%k, +
+ sin? @5 sin? @5 ks, (20a)

kyy = cos? 6, cos?( @1 — 6,) k1 + (cos ¢, sin 5 sin @3 — sin 6, cos( @, — 6;) cos p3)? k, +
+ cos? 05 sin? @5 ks, (20b)

k,, = cos? @, ki + (sin 8, cos( @, — ;) cos B3 sin @3 — cos B; cos( @, — ;) sin B5 sin @3)?k, +
+ cos? @32 ks, (20c¢)
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kyy, = kyx = sinf; cos cos?( @, — 0;1) ky + (cos 0 cos(p;, — 6;) cos @3 —
— €0S @4 €0s B5 sin ¢3)(cos ¢ sin O3 sin p5 — sin 6; cos( ¢, — 0;) cos @3) k, +
+ sin 5 sin @3 cos 63 sin @5 k3, (20d)

ky, = k;, = cos 8, cos( @1 — 0;) cos ¢; ky + (cos @1 sin B sin @3 — sin 6 cos( @, —
— 6,) cos ¢3) (sin 8, cos( @, — 0,) cos 65 sin 3 — cos B cos(p,; — B;) sinB5 sin ;) k, +
+ cos 85 sin @3 cos @3 k3, (20e)

k. = ky, = cos @, sin 6, cos( @, — 61)k, + (sin 8, cos( @, — 0,) cos 05 sin p3; — cos B, cos(p; —
— 6,) sin 65 sin @3 )(cos ; cos( ¢, — ;) cos @3 — cos @, cos B3 sin @3)k, + cos @5 sin O3 sin @5 k. (20f)

NUMERICAL SIMULATION

Seepage flow formulation
The seepage flow under a concrete dam is simulated here to demonstrate the impact of the nondiagonal k on

the tilted soil’s stratigraphic planes. In this model, the upstream and downstream lakes are simulated as inlet
and outlet, respectively — as schematically shown in Figure 2.

Downstream

Upstream
e—le—r
G285
=

b — —
G

Fig. 2. Schematic of the model for an upstream (inlet) and a downstream (outlet) at the top boundary

Source: authors’ compilation.

Mathematical model
The combination of Eq. (1) and Eq. (2) govern the seepage, which for a two-dimensional problem can be
reduced to the following form:

a
9 9 [kux  Kxz]|ox|, _ ., Oh
‘[a E] [kzx kzz] o |h= Mg @0
0z
which can be expanded as follows:

2 2 2 2
_[6kxx6h 6h+%6_h+k ah_i_%a_h_l_k ah+%a_h+k ah]=—mv3—'t’, (22)

ax ox | XX 9xz T Tax 8z ' "XZ3xaz ' 8z ox | X 9zax | 9z 9z | #Z9z2
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Finite-difference model development

A two-dimensional finite-difference numerical model was developed using the MATLAB interface, with
Dirichlet boundary conditions at the upstream (inlet) and downstream (outlet) (i.e., hydraulic heads are
constants (H; and H») and Neumann boundary conditions considered for the rest of the impermeable
boundaries). This model is used to demonstrate that in the case of tilted soil stratigraphic planes, the full-
-hydraulic conductivity tensor k is required to simulate seepage flow accurately.

The linearised form of Eq. (22), discretised over a rectangular grid using the forward finite difference
for first-order derivatives and central finite difference for higher-order derivatives, can be shown as:

Kxx(i) ptoer (kxx(i,j+1)_kxx(i,j) _I_zkxx(i,j) +kxz(i,j+1)_kxz(i,j) + zkxz(i,j) kzx(i+r,)=Kzx(ij) Zkzx(i,j) +

(ax)? iLj-1 (Ax)? (Ax)? AxAz AxAz AzAx AzAx
kzz(i+1,)=Kzz(i.j) kzz2(i.) mv(i,j)) trst (kxx(i,j+1)_kxx(i,j) Kex(i.j) kzx(i+1,j)—kzx(i,j)) trst
+ (Az)? + (Az)? + At hi.i + (Ax)? + (Ax)? + AzAx hi,i+1 +
kxz(ij) kzx(i j)) tk kzz(ij) tr kxz(ij+1)_kxz(ij) kzz(i+1 j)_kzz(ij) kzz(i J) tk
) . h +1' ). h +1’ ( ), ), . ), ) ) ; +1'
+ (AxAz + AzAx i-1,j-1 + (Az)2 -1 + AxAz (Az)? + (Az)? i+1,] +
Kz (i) kzx(i,f)) ther  _ _ TW()) ptk
+ (AxAz AzAx ) iHLj+L T At L) (23)
where hi’;. represents the hydraulic head on Row i, Column j (i.e., Node (i,j)) in the space and at time

instance ty; hl.t,’;.“ is the hydraulic head at Node (i, j) at time t;, and so on. For this model, in the case of
unsaturated soil — with each time step — each of the components of the k in Eq. (23) were updated using the

soil water-retention formula (Alam & Farid, 2023), which introduces nonlinearity back into the equation.
Thus, these nonlinear components of the k were updated using a modified iterated Crank—Nicholson scheme

(Tran & Liu, 2016) until they converged to their optimal value.

Simulation result and discussion

The subsequent conditions were applied for every scenario shown in Figures 3—5. The soil is initially
unsaturated, with a total head of h = 0, indicating capillary rise and suction at all elevations. All other soil
boundaries, apart from inlets and outlets, are impermeable. The assumed dimensions of the soil are 30 m for
the horizontal length (L) and 10 m for the vertical length — thickness (7). The initial hydraulic heads at the
inlet is H; = 50 m, and at the outlet, H, = 10 m. The seepage flow is simulated through an anisotropic soil
with a major principal hydraulic conductivity value of k; = 5.5 X 1072 m's™! and a minor principal
hydraulic conductivity value of k3 = 1.5 X 1072 m-s~! of the hydraulic conductivity tensor k. Each scenario

was examined for 5,000 s at a time step of At = 20 s.

The model was tested for various additional circumstances; however, only a few are shown below.
In all of the following scenarios, a tilt is present, resulting in estimated values of the diagonal components
of the hydraulic conductivity tensor as Ky, =5.03X102ms™! <k, and k, =197 x
x 1072 m's™! > k. In Figure 3, the first scenario, however, inaccurately depicts a symmetric seepage flow
pattern identical for both downward (¢ = — 20°) and upward (a = 20°) tilts due to erroneous assumption
of the values of the nondiagonal components of the tensor k as k,, = k,, = 0. However, for ¢ = —20° and

a = 20°, Figures 4 and 5 exhibit accurate seepage flow patterns, with calculated values for the nondiagonal
components as k,, = k,, = —1.29 X 1072 m-s™! and k,, = k,,, = 1.29 x 1072 m's™!, consequently.
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Fig. 3. Equipotential lines and flow velocity vectors considering a forced diagonalised (erroneous approximation)

hydraulic conductivity tensor (i.e., k,, = k,, = 0), which has produced the same results for tilts (between
the soil stratigraphic plane and the horizontal X axis) of a = 20° (i.e., above the horizon) and a = —20°

(i.e., below the horizon)

Source: authors’ compilation.
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Fig. 4. Equipotential lines and flow velocity vectors for nondiagonalised (correct approximation) hydraulic

conductivity tensor (i.e., k,, = k,, # 0) for a tilt between the soil stratigraphic plane and horizontal X-axis
with slope o = -20° (i.e., below the horizon)

Source: authors’ compilation.
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Fig. 5. Equipotential lines and flow velocity vectors for non-diagonalised (correct approximation) hydraulic
conductivity tensor (i.e., k,, = k,, # 0) for a tilt between the soil stratigraphic plane and the horizontal
X-axis with slope a = 20° (i.e., above the horizon)

Source: authors’ compilation.
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CONCLUSIONS

This study introduces formulas to compute three-dimensional full-hydraulic conductivity tensor components.
Furthermore, seepage flow under a concrete dam is simulated using a two-dimensional finite-difference
numerical model to illustrate the failure of ignoring the nondiagonal components of the hydraulic conductivity
tensor inaccurately finding seepage flow for scenarios that involve tilted soil stratigraphic planes. Although
the provided formula analytically calculates both diagonal and nondiagonal elements of the three-dimensional
full-hydraulic conductivity tensor, there is still a need to develop a three-dimensional model for simulating
seepage flow that can employ the three-dimensional full-hydraulic conductivity tensor to replicate realistic
circumstances, enabling an exhaustive evaluation of the formula’s precision.
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WYZNACZANIE TENSORA PELNEGO PRZEWODNICTWA HYDRAULICZNEGO
GRUNTU ANIZOTROPOWEGO: WPLYW NA PRZEPLYW WYCIEKOW
POD ZAPORA BETONOWA

STRESZCZENIE

Naturalne lub sztuczne zmiany w orientacji ptaszczyzny stratygraficznej gleby (tj. osadzanie si¢ gleby
i osadow w odrgbnych warstwach) moga powodowa¢ zmiany przewodno$ci hydraulicznej w zaleznoS$ci
od kierunku pomiaru. Z tego powodu nalezy uwzgledni¢ w tym przypadku przewodno$¢ hydrauliczng jako
niediagonalny pely tensor, aby odpowiednio przedstawi¢ wplyw orientacji ptaszczyzn stratygraficznych
gleby na wzor przeptywu infiltracyjnego. W niniejszej pracy przedstawiono wzdr na trojwymiarowe
niediagonalne obliczenie tensora pelnego przewodnictwa hydraulicznego w aspekcie azymutu i kata
pionowego. Ponadto przedstawiono symulacje numeryczne dwuwymiarowych przeptywow wyciekowych
pod betonowa zapora, aby wykaza¢ potrzebe uwzglednienia pelnego tensora przewodnosci hydrauliczne;j
dla réznych stopni nachylenia stratygraficznego wzgledem uktadu wspotrzgdnych.

Stowa kluczowe: pelny tensor, przewodno$¢ hydrauliczna, przepltyw przesiakajacy, stratygrafia gleby,
model numeryczny
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